By combining the algebraic Bethe ansatz and the off-diagonal Bethe ansatz, we investigate the trigonometric S U(3) model with generic open boundaries. The eigenvalues of the transfer matrix are given in terms of an inhomogeneous T − Q relation, and the corresponding eigenstates are expressed in terms of nested Bethe-type eigenstates which have well-defined homogeneous limit. This exact solution provides a basis for further analyzing the thermodynamic properties and correlation functions of the anisotropic models associated with higher rank algebras.
Introduction
Since the work of Yang and Baxter's pioneering works [1, 2] , the exactly solvable quantum integrable systems [3] have attracted a great deal of interest. Especially the quantum integrable models are very useful in nano-scale systems where alternative approaches involving mean field approximations or perturbations have failed [4, 5] . Moreover, it also play very important role in statistical physics [6] , low-dimensional consensed matter physics [7] , and even some mathematical areas such as quantum groups [8] .
By using the coordinate Bethe ansatz and the algebraic Bethe ansatz [9, 10, 11, 12] , both eigenvalues and eigenstates of the integrable models with U(1) symmetry can be given successfully. For the integrable models without U(1) symmetry (with generic boundary conditions), it has been proven that the off-diagonal Bethe ansatz is a powerful method [13, 14, 15, 16, 17, 18, 19, 20] (For further information, we refer the reader to [21] ). Based on the inhomogeneous T − Q relation constructed via the off-diagonal Bethe Ansatz, a systematic method [22, 23] for retrieving the Bethe-type eigenstates (Bethe states) of integrable models without obvious reference state is also developed by employing certain orthogonal basis of the Hilbert space. It should also be remark that the separation of variables (SoV) method [24, 25, 26] and the modified algebraic Bethe ansatz method [27, 28, 29] were also used to approach the eigenstates of several integrable models.
With the help of the off-diagonal Bethe ansatz [21] , the exact energy spectrum of the rational S U(3) model with unparallel boundary fields has been obtained [30] . However, the eigenstates (or Bethe states) which have played important roles in applications of the model are still missing. In this paper, the R-matrix is the trigonometric one associated with the S U q (3) algebra and the boundary reflection matrices are the most generic reflection matrices with non-zero off-diagonal elements. By combining the nested algebraic Bethe ansatz and off-diagonal Bethe ansatz, we obtain the eigenvalues which have well-defined homogeneous limit and the corresponding Bethe states of the transfer matrix of the model. Numerical results for the small size systems show that the spectrum obtained by the nested Bethe ansatz equations (BAEs) is complete and the Bethe states are exactly correct.
The paper is organized as follows. In section 2, the S U q (3)-invariant R-matrix and corresponding generic integral non-diagonal boundary reflection matrices are introduced. In section 3, we introduce the vacuum state of the system. In section 4, we construct the Bethe-type eigenstate of the transfer matrix. In section 5, we introduce the gauge transformation in order to construct the nested Bethe states. In section 6, the nested Bethe states of the system are obtained. Section 7 gives some discussions.
The model
Throughout this paper we adopt the standard notations: for any matrix A ∈ End(V), A j is an embedding operator in the tensor space V ⊗ V ⊗ · · · , which acts as A on the j-th space and as identity on the other factor spaces. For R ∈ End(V ⊗ V), R i j is an embedding operator of R in the tensor space, which acts as identity on the factor spaces except for the i-th and j-th ones.
The R-matrix R(u) ∈ End(V ⊗ V) used in this paper was first proposed by Perk and Shultz [31] and further studied in [32, 33, 34, 35, 36] . We now discuss the trigonometric one associated with the S U q (3) algebra,
where the matrix elements are
The R-matrix possesses the following properties,
Initial condition :
R 12 (0) = sinh ηP 12 , Unitarity relation :
12 (u), Periodicity :
Here R 21 (u) = P 12 R 12 (u)P 12 with P 12 being the usual permutation operator and t i denotes transposition in the i-th space. The functions ρ 1 (u), ρ 2 (u) and the crossing matrix M are given by
The R-matrix satisfies the quantum Yang-Baxter equation (QYBE)
Let us now introduce the reflection matrix K − (u) and the dual one K + (u). The former satisfies the reflection equation (RE) 6) and the latter satisfies the dual RE
We now consider the generic non-diagonal K-matrices K − (u) 8) where the four boundary parameters c,c 1 ,c 2 and ζ satisfy a constraint
The dual non-diagonal reflection matrix K + (u) is given by 9) with the constraint
In order to show the intergrability of the system, we first introduce the "row-to-row" monodromy matrices T 0 (u) andT 0 (u)
where {θ j , j = 1, · · · , N} are the inhomogeneous parameters and N is the number of sites. The one-row monodromy matrices are the 3 × 3 matrices in the auxillary space 0 and their elements act on the quantum space V ⊗N . For the system with open boundaries, we need to define the double-row monodromy matrix T 0 (u)
which satisfies the similar relation as (2.6)
Then the transfer matrix of the system can be constructed as
where k ± i j is the K ± matrix element in the ith row and jth column. Using Eq. QYBE (2.5), RE (2.6) and dual RE (2.7), we obtain the commutativity of t(u), which means [t(u), t(v)]=0. The Hamiltonian of the model is constructed by taking the derivative of the logarithm of the transfer matrix as
Vacuum state
The block-diagonal structure of the K-matrix (2.8) permits us to use the nested algebraic Bethe ansatz to construct the associated Bethe states and obtain the eigenvalues as follows.
We first introduce the reference state |Ψ 0 as
From the relations (2.12),(3.1), the elements of matrix T 0 (u) acting on the reference state |Ψ 0 give rise to
where
It is easy to prove that the reference state (3.1) is an eigenstate of the transfer matrix
Bethe state
From (3.2), we see that the operators B 1 (u) and B 2 (u) acting on the reference state give nonzero values, thus can be regarded as the creation operators of the eigenstates of the system. Following the procedure of the nested algebraic Bethe ansatz, the eigenstates of the transfer matrix can be constructed as
where we have used the convention that the repeated indices indicates the sum over the values 1,2, and {F a 1 ...a M } are some undetermined functions of the Bethe roots {u j }. In fact, the {F a 1 ...a M } are the vector components of the nested Bethe states (see below (4.11)). As the transfer matrix (2.14) acting on the assumed states (4.1), we should exchange the positions of the operators A(u), D i j (u) and the operators B a j (u j ). Combining the reflection equation (2.13) and the Yang-Baxter 5 equation (2.5), we can derive following commutation relations
Acting the transfer matrix t(u) on the assumed eigen-state (4.1) and repeatedly using the commutation relations, we obtain
The vector components {F a 1 ...a M } in the Bethe state (4.1) allow us to reconstruct the associated Bethe state |F , andΛ u, {u j } in the (4.7) is the associated eigenvalue of the nested transfer matrixt(u, {u j })
which appears due to the commutation relations (4.3) and
The eigen-equationt
will be determined in section 6. The eigenstate |F can be decomposed in terms of the basis
where the vector components {F a 1 a 2 ...a M } will be determined by (6.1) lately. The third term in equation (4.7) represent the unwanted terms. The unwanted terms should be zero gives rise to the M Bethe roots must satisfy the following Bethe ansatz equations (BAEs)
(4.14)
Gauge transformation
In the previous section, we have reduced constructing eigenstates of the original transfer matrix t(u) defined by (2.14) into the Bethe states problem of the nested transfer matrixt(u, {u j }) given by (4.8). Now we construct the eigenstate |F of the nested transfer matrixt(u, {u j }). Considering the reflection matrices (4.9) and (4.10) have the off-diagonal elements, thet(u, {u j }) doesnot have the obvious reference state, which means the analogy of construction of Ψ 0 is invalid. Thanks to the works [21] , we can solve the nested Bethe states problem (4.11) as follows.
For simplicity, we take the notation λ = u + We first introduce some parameterization:
Then the non-diagonal reflection matrices (4.9) and (4.10) read
By using the above relations, the nested transfer matrix can be expressed aŝ
Now, we introduce the gauge transformations
By using these gauge transformation, the nested transfer matrix can also be written aŝ
Nested Bethe states
Now, we construct the eigenstate |F in (4.11) as [22] 
where theC m (λ) matrix and the reference state are defined as
From the reflection equation, we can obtain following commutation relations
Acting the transfer matrixt(λ) on the state |F and repeatedly using the commutation relations, we obtaint (λ, {λ j }) |F =Λ(λ, {λ j }) |F + unwanted terms. (6.5)
The first term in (6.5) gives the eigenvalueΛ(λ) [22] The second term in (6.5) should be zero, which ensure the |F is the eigenstate of the nested transfer matrix [22, 27, 28, 29] . This requires that the M Bethe roots g l must satisfy the BAEs Table 2 : Solutions of BAEs (6.10) and (6.11) where N = 3 with the parameters
.1416i, p = 1.5418i and q = 0.9267 for the case of E n is the corresponding eigenenergy. The energy E n calculated from (6.12) is the same as that from the exact diagonalization of the Hamiltonian (2.15). Now we are ready to write out the eigenvalues Λ(u) of the transfer matrices t(u) as
where the 2M Bethe roots must satisfy the BAEs (4.12) and (6.8), namely
10)
The eigenvalue the Hamiltonian (2.15) can be obtained by
Here we present the numerical results for the N = 2 and N = 3 in Table 1 and Table 2 respectively. From these Tables, we can see that the eigenvalues obtained from (6.12) are the same as that from the exact diagonalization of the Hamiltonian (2.15). Moreover, numerical results also show that the energy spectrum are complete. Now, the eigenstate of the system can be written out explicitly as Table 3 , which give rise to the eigenstates of the system. Lastly, we should note that both the Bethe state given by (6.13) and 13 
4.8827952486 10 the eigenvalue Λ(u) given by (6.9) have well-defined homogeneous limit (i.e., θ j → 0). This implies that in the homogeneous limit, the resulting Bethe states and the eigenvalues give rise to the eigenstates and the corresponding eigenvalues of the model described by the Hamiltonian (2.15).
Concluding remarks
In this paper, we have studied the trigonometric S U(3) model with the most generic integrable boundary condition, which is described by the Hamiltonian (2.15) and the corresponding integrable boundary terms are associated with the most generic non-diagonal K-matrices given by (2.8)-(2.9). By combining the algebraic Bethe ansatz and the off-diagonal Bethe ansatz, we construct the eigenstates of the transfer matrix in terms of the nested Bethe states given by (4.1) and (6.1), which have well-defined homogeneous limit. The corresponding eigenvalues are given in terms of the inhomogeneous T − Q relation (6.9) and the associated BAEs (6.10)-(6.11).
There are three forms of the off-diagonal reflection matrices K ± , i.e., the upper block form, the X form and the lower block form [30] . In this paper, we only consider the case that both the K + and the K − have a lower block form. Our method can also be applied to the cases that both the K + and the K − have an upper block or X form simultaneously: For the upper K ± -matric block form, the eigenstate of the transfer matrix can be constructed as 0, 1, 0) t , X 1 = T 21 and X 2 = T 23 . We can prove that the eigenstate |F can be constructed by a similar nested Bethe states of an open spin-1/2 chain of length M with nondiagonal boundary terms. However, for the case that the K − and K + have a different form, it seems that there does not exist an obvious reference state to which the first level algebraic Bethe ansatz can be applied, which leads to the eigenstate problem of the corresponding model being still non-trivial.
The exact solution in this paper provides the basis for further analyzing the thermodynamic properties and the correlation functions of the model. In particular, the explicit expressions (6.13) and (6.1) enable one to calculate the scalar products of Bethe states, by which the correlation behavior of some local operators can be computed further. Moreover, the T − Q relation and the associated BAEs allow one to calculate the boundary energy of the model in the thermodynamic limit.
